We introduce a quantum spin-1/2 model hosting two exact plaquette singlet ground states in extended parameter regimes. There is an exact phase transition between both phases, at which the system has an extensive ground-state degeneracy. Further, the model exhibits an extensive number of conserved quantities, which allow the prediction of additional phases. We exploit this feature and explore the phase diagram in detail for two specific parameter regimes. The model is based solely on Heisenberg interactions and seems sufficiently simple to be realized in quantum materials. A general scheme to determine exact singlet product states is briefly discussed. (a) 1 J J v J h J (b) 1 0 2 4 1 3 pyramid plaquette p J 2 J v 2 J h 2 arXiv:1912.09060v1 [cond-mat.str-el]
I. INTRODUCTION
Half a century ago, in a pioneering work, Majumdar and Gosh discovered a frustrated spin model hosting an analytically exact ground state 1 . This opened a new pathway to exact results in frustrated spin systems, not only in one [1] [2] [3] [4] [5] [6] [7] [8] [9] but also in two [10] [11] [12] [13] [14] and three dimensions 15, 16 . The specifically designed geometry and interactions enforcing exact states often lead to unconventional properties. However, such models are not necessarily realized in materials. One of the few examples, which directly describes a material, is the famous Shastry-Sutherland model (SSM) 10 . It was invented out of purely theoretical interest, and only later found to capture the physics of the quasi two-dimensional quantum magnet SrCu 2 (BO 3 ) 2 17,18 . This match led to a fast development in the field, since the exactness of the phase allowed a very precise theoretical understanding, and features like discretized magnetization plateaus could be studied 17, [19] [20] [21] [22] . The SSM is given by spins-1/2 coupled via Heisenberg interactions. They are arranged as orthogonal dimers, which are connected by nearest-neighbor couplings forming a square lattice. In the regime of strong dimers, the ground state is an exact product state of singlets on dimers 10 . For dominant nearest-neighbor couplings the antiferromagnetic ordered phase (AFM) occurs 10 . In the intermediate regime a state of entangled singlets on empty (without an internal dimer bond) 4-spin plaquettes, the empty plaquette singlet phase (EPP), is stabilized 23 . Similar phases to the exact dimer singlet state in the SSM are realized in all models referred to above, and dimer singlets are by far the most commonly studied units in exact valence bond crystals 24 .
The number of known frustrated quantum models with exact ground states is limited, and to our knowledge, so far, no model hosting products of singlets on 4-spin plaquettes as an exact ground state has been proposed. Such a model is desirable from a purely theoretical point of view, since it yields the possibility to gain a fundamental understanding of plaquette phases including excitations, correlations, and magnetizations. The occurring properties are likely to reveal even J (c) excitations [25] [26] [27] as well as bound states. Recently, plaquette phases in the neighborhood of a long-range ordered Néel phase were discussed in the context of a deconfined quantum critical point 28 . Experimentally, an entangled plaquette phase is realized in SrCu 2 (BO 3 ) 2 under external pressure [29] [30] [31] [32] , where further measurements are expected for an unambiguous identification of the phase, so a pristine theoretical understanding is in demand.
In this article, we introduce a quasi two-dimensional model hosting exact plaquette singlet ground states. On top of that, the model offers an extensive number of conserved quantities, which enable some exact statements about other phases of the model. This allows the investigation of the phase diagram beyond the analytically determined area of the exact plaquette phases. If the presented model is directly relevant for materials or can be simulated in experiments with artificial crystals remains open at this point. However, this seems not implausible, since the model relies on nearest-neighbor Heisenberg exchanges only.
II. ORTHOGONAL-PLAQUETTE MODEL
The quasi two-dimensional model consists of 4-spin plaquettes placed on a Shastry-Sutherland geometry. Every dimer in the SSM is replenished by a 45 • -tilted plaquette p, which contains a vertical diagonal bond J v and the horizontal diagonal dimer bond J h from the SSM. This orthogonalplaquette model is illustrated in Fig. 1(a) and from a bird's-eye view in Fig. 1(b) . The Hamiltonian reads
where the spin operator S p,i acts on spin i of plaquette p. A plaquette p is illustrated in Fig. 1 (c). The first sum runs over all spins on intra-plaquette nearest-neighbor bonds (black lines). The second and third sum run over all plaquettes p and the interactions address spins on horizontal diagonals (dashed purple lines) and on vertical diagonals (dashed green lines), respectively. The fourth sum runs over all neighboring spins on different plaquettes p and p connected by inter-plaquette bonds (blue lines). In the SSM, the exact singlets form on the J h -diagonals. In the orthogonal-plaquette model (1) the exact singlets form on the 4-spin plaquettes of J-bonds, which are interconnected by J -bonds. The intra-plaquette couplings J h and J v introduce further triangles and lead to additional frustration. Without these J h -and J v -bonds the model is already frustrated by triangles from an intra-plaquette bond (black lines) and two inter-plaquette bonds (blue lines). The unit cell of the model contains eight spins of two orthogonally oriented plaquettes. The model is invariant under rotations, C 4 , around center points between plaquettes. Further, the reflection symmetries R 1 and R 2 over the perpendicular J h -bonds as well as a full inversion over the J h -plane hold. The total spin on the vertical intra-plaquette J v -diagonal, s p v ∈ {0, 1}, is a good quantum number for every plaquette p individually, similar to the orthogonal-dimer chain 33 . This can be traced back to the lattice structure, which does not have direct interactions between distinct diagonals. In the following, s v denotes that all vertical diagonals are in the same state s p v ∀ p with the value s v ≡ s p v . Interestingly, if s v = 0 the vertical dimer singlets are completely decoupled from all remaining sites, which form a Shastry-Sutherland lattice. This can be seen for the according phases sketched in the phase diagrams in Fig. 2 and Fig.3 .
A. Exact phases
For J = 0 the orthogonal-plaquette model (1) decouples into individual 4-spin plaquettes. On such a plaquette p the total spin of all four spins, s p t ∈ {0, 1, 2}, and the total spins on both diagonals, s p v ∈ {0, 1} and s p h ∈ {0, 1}, give good quantum numbers. An isolated plaquette p exhibits two singlets s p t = 0 with either two singlets (s p v = s p h = 0) or two triplets (s p v = s p h = 1) on the diagonals. In order to prove the exact singlet plaquette ground states, we argue from two directions. We start by showing that product states of plaquette singlets are eigenstates of the orthogonal-plaquette model (1) and determine their ground-state energies. Then, the lattice is separated into a sum of small units and a lower bound for the ground-state energy is derived.
i) All product states over plaquette singlets s p t = 0 ∀ p are exact eigenstates of the orthogonal-plaquette model (1) since all inter-plaquette interactions can be written as S p ,0 · ( S p,1 + S p,2 + S p,3 + S p,4 ) where the spin S p ,0 belongs to one plaquette, and S p,1 to S p,4 form the neighboring plaquette (compare Fig. 1(c) ). The situation, where the total spin on all plaquettes is identical
Generically, s p t is not a conserved quantity. This only holds if s t = 0 as for the product states of plaquette singlets. The eigenstate where all plaquettes are in the same singlet s t = 0 with s v = 0 reads
whereas if s t = 0 and s v = 1 the eigenstate is given by
The eigenenergies per spin are
The corresponding eigenenergies of all other product states with combinations of plaquette singlets s t = 0 with distinct s p v = s p v on different plaquettes p and p are only as low in energy as |s t = 0, s v = 0 and |s t = 0, s v = 1 where the energies of the latter two states cross.
ii) The Hamiltonian of the orthogonal-plaquette model (1) can be decomposed into a sum over 5-spin pyramids as shown in Fig. 1(c) . Let the spins of a pyramid be labeled by S p ,0 and S p,1 to S p,4 . Spins S p,1 to S p,4 are located on the 4-spin plaquette p with nearest-neighbor interactions J, and diagonal J h -and J v -bonds between S p,2 and S p,4 , and S p,1 and S p,3 , respectively. The additional spin S p ,0 from a neighboring plaquette p interacts with all plaquette spins of p with a coupling strength J . The full Hamiltonian (1) then reads
A single pyramid containing the plaquette p has two two-fold degenerate eigenstates with singlets on plaquettes, s p t = 0, again distinguished by s p v = 0 and s p v = 1. The degeneracy is manifested in the free spin S p ,0 . It occurs, since the Jinteractions do not contribute if s p t = 0. The corresponding eigenenergies of a single pyramid are
Depending on the parameter regime these plaquette singlets yield the degenerate ground states of the pyramid. For instance, the plaquette singlets with s p v = 1 yield the ground states for J h ≤ J, J v ≤ J, and J ≤ J/2, as well as for
Note, that ferromagnetic couplings are excluded, since the proof does not hold in this case.
The lattice can be tiled with the plaquette singlet eigenstates of pyramids without ambiguity and the degeneracy due to S p ,0 is lifted. The sum over all ground-state energies on 5-spin pyramids with plaquette singlets gives a lower bound for the ground-state energy of (1) for antiferromagnetic couplings. This is based on the argument that joining pyramids cannot decrease the energy of the system: On the one hand, two singlet plaquettes "glued" together do not change the energy per spin. On the other hand, connecting plaquette spins with different pyramids introduces further frustration, which can increase the energy of the system, or leave it unchanged if all contributions of J -bonds vanish. The lower bounds (lb) for the eigenenergy per spin are
These energies are identical to the eigenenergies of the product over plaquette singlets in Eq. (4) and Eq. (5). Therefore, wherever a plaquette singlet state is the ground state on a single pyramid, the according product state over the lattice is the ground state of (1) when the interactions are antiferromagnetic. For example, for J h = J v , the product state |s t = 0, s v = 1 is the exact ground state of the system for at least 0 ≤ J ≤ J/2 with 0 ≤ J v ≤ J, as illustrated by the light-green area below the dashed black line in the phase diagram in Fig. 2 . The product state |s t = 0, s v = 0 is the exact ground state for at least 0 ≤ J ≤ J/2 at J v ≥ J, which is captured by the light-red area below the dashed black line in the same phase diagram. This case is directly related to the one in the SSM 10 . Indeed, the exact state |s t = 0, s v = 0 can be seen as both, an exact plaquette singlet product state and an exact dimer singlet product state, since all dimers are decoupled. At the phase transition between the two exact singlet phases with s v = 0 and s v = 1, all products of plaquette singlets s t = 0 with arbitrary combinations of s p v = 0 and s p v = 1, p = p , have the same eigenenergy. Hence, the ground state is extensively degenerate.
B. Phase diagrams
Whenever all spins on J v -diagonals form singlets s v = 0, these singlets are decoupled from the rest of the lattice. This is illustrated from a bird's eye view for the phases with s v = 0 in the phase diagrams in Fig. 2 and Fig. 3 . The vertical J vdiagonals (dashed green bonds) are located in the center of the plaquettes (black bonds). If s v = 0 (singlets are shaded blue), all bonds between spins, which are connected with both spins of the J v -bond vanish, i.e. all plaquette J-bonds and half of the inter-plaquette J -bonds. This leads to the decoupling of the lattice into individual J v -singlets and a SSM of J -and J h -bonds, which allows further insights on various phases beyond the exact plaquette singlet product states introduced above (2), (3). In the following, we discuss two special sets of parameters, namely J h = J v and J h = 0.
J h = Jv
For the symmetric model with J h = J v , we focus on antiferromagnetic couplings. In this case, both exact phases are realized. For weak inter-plaquette interactions J the exact plaquette singlet phase |s t = 0, s v = 1 is present, as illustrated by the light-green background color in the phase diagram in Fig. 2 . With increasing diagonal couplings an exact first-order phase transition towards the exact dimer singlet phase |s t = 0, s v = 0 (light-red region) occurs. The transition line between the two is located at J h = J v = J for at least J /J ≤ 1/2 as shown in Fig. 2 . Along this line the ground state is given by all product states of arbitrary combinations of plaquette singlets, s p v = 0 and s p v = 1 for p = p , and therefore has an extensive degeneracy.
In the dimer singlet phase, s t = 0 and s v = 0, the vertical J v -dimers are decoupled from an independent SSM of J -bonds (solid blue) and J h -bonds (dashed purple). As long as s h = 0 ∀ p, the J -bonds do not contribute. However, for increasing values of J beyond the dimer singlet phase, it is known that the SSM realizes the entangled EPP 23 . In the orthogonal-plaquette model (1), it occurs as a product state with additional dimer singlets
The phase transition between the dimer singlet phase and the EPP in the SSM is known from infinite projected entangledpair states (iPEPS) 23 , which yields the transition line J = 0.675J v for J v ≥ J. For J v < J, the dimer singlet phase does not occur, but the exact plaquette singlet phase |s t = 0, s v = 1 . In order to determine the phase transition between this phase and the EPP in a product with s v = 0, we derived the energies of the EPP up to order 9 in J /J and J h /J. For details on the series expansions, see the Appendix of Ref. 27 . The determined extension of the phase |s v = 0; EPP, SSM is shown by the light-yellow background color in Fig. 2 . For larger J -couplings in the SSM, the EPP is replaced by the AFM. Therefore, a product of an AFM on the Shastry-Sutherland lattice with singlets on J v -diagonals |s v = 0; AFM, SSM = p |s v = 0 p |AFM SSM (10) seems to be a good candidate phase, in particular at relatively weak plaquette couplings J. Again, the transition to the EPP is known from iPEPS 23 , J = 0.765J v for J v ≥ J, and the extension of the phase is illustrated by the white area in Fig. 2 . All phase boundaries with dotted lines are only sketched.
In the limit J = J h = J v = 0, the full model (1) reduces to 4-spin plaquettes of J -bonds. The lattice is bipartite and one sublattice consists of all spins on parallel plaquettes. In this regime also for finite J, J h , and J v , the model is expected to host an AFM 34 , where all spins on one set of parallel plaquettes are effectively either up or down and inverse on the orthogonal plaquettes. Thus, the total diagonal spin on every plaquette gives an exact triplet s v = 1, and we write the state as |s v = 1, AFM . Apart from quantum fluctuations, all spins point in the same direction on every plaquette and in the limit of decoupled J-plaquettes these states are connected to the quintuplet with s t = 2. They form a square lattice of macro-spins (4-spin J-plaquettes). This phase is indicated by a light-blue background in Fig. 2 , even though we do not know any quantitative phase boundaries. In principle, other phases with s p v = 1 for some or all plaquettes p can occur. This seems in particular possible for small diagonal couplings J h and J v . For strong diagonal couplings these phases appear to be unlikely, and we expect the product phases with diagonal singlets (2), (9) , and (10) to be competitive energetically, since diagonal triplets induce further interactions and frustration.
J h = 0
Next, we discuss the orthogonal-plaquette model (1) with vanishing horizontal diagonal couplings J h = 0 for ferromagnetic and antiferromagnetic inter-plaquette interactions J . Again, for small diagonal couplings, the exact plaquette singlet phase |s t = 0, s v = 1 is realized. The smallest possible extension of this phase is illustrated by the dashed black line in the phase diagram in Fig. 3 . For J h = 0 the exact dimer singlet phase (2) does not occur, unless J = 0, as explained in the following.
With s v = 0 the system decouples into J v -singlets and a separate square (sq) lattice of J -bonds. This is clear, since coming from the SSM only the diagonal J h -couplings are removed. If all plaquettes are in a singlet state s t = 0 with s v = 0, the J -couplings do not contribute either. In contrast, if the plaquettes are not in a singlet state, the J -square lattice is present and leads to a reduction of the energy. Hence, the exact dimer singlet phase |s t = 0, s v = 0 does not occur for |J | > 0. For antiferromagnetic inter-plaquette couplings, J > 0, an AFM occurs on the square lattice 34 . The ground-state energy can be taken from series expansions AFM, sq 0 = (−0.6696 ± 0.0003)J 35 . The product state from the AFM on the square lattice and J v -singlets is written as
The eigenenergy per spin is
For J < 0 the square lattice exhibits a ferromagnetically ordered phase (FM) with FM, sq 0 = J /2. The corresponding product state in the orthogonal-plaquette model (1) reads |s v = 0; FM, sq = p |s v = 0 p |FM sq (13) and has the eigenenergy per spin sv=0;FM, sq = −3J v /16 + J /4 . 
The comparison of all derived eigenenergies yields the phase diagram as indicated by the background colors in Fig. 3 . Again, apart from the regime where the exact plaquette phase was proven, the occurrence of other phases can not be excluded, but seems implausible for strong J v -couplings. The extension of the antiferromagnetic phase |s v = 1, AFM is sketched and only clear in the limit J J v , J.
III. CONCLUSION AND OUTLOOK
We introduced a quasi two-dimensional orthogonalplaquette model with four Heisenberg couplings. All products of plaquette singlets were shown to yield exact eigenstates. The product states of a single type of plaquette singlet |s t = 0, s v = 0 and |s t = 0, s v = 1 were proven to be the ground states, wherever the building block of the lattice, a 5-spin pyramid [ Fig. 1(c) ], has such a plaquette singlet ground state. These states are most likely more extended than on a single pyramid, as it was also found for the dimer singlet phase in the SSM 10, 23 . All products of plaquette singlets constitute the extensively degenerate ground-state manifold at phase transitions between the two plaquette singlet ground states |s t = 0, s v = 1 and |s t = 0, s v = 0 . Further, there is an extensive number of conserved quantities given by the total spin on the J v -diagonal on every plaquette. We exploited this property and studied the phase diagram beyond the exact plaquette singlet phases. For J h = J v and antiferromagnetic couplings, products between J v -singlets s v = 0 and phases of the SSM, i.e. an entangled EPP and an AFM, seem most likely. If J h = 0, the Shastry-Sutherland lattice reduces to a square lattice. In this case, products of J v -singlets with FM or AFM are realized. In the large intra-plaquette coupling limit, J J, J h , J v , an AFM with s v = 1 occurs that is connected to quintuplet states s t = 2 on individual plaquettes. The search for additional phases is left for future investigations. To this end, apart from exact diagonalizations, series expansions, and iPEPS, for not too large values of J Quantum Monte-Carlo simulations should be possible, due to the exact ground states. This route was recently taken for the SSM in a dimer singlet basis 36 .
From the exact properties of the orthogonal-plaquette model, some further statements can be made. In the exact plaquette singlet phase |s t = 0, s v = 1 two triplon modes occur as expected from the limit of disconnected 4-site plaquettes. One of these modes is localized since it has s p v = 0 on a single plaquette p , whereas all other plaquettes have s p v = 1 ∀ p\p . The associated one-triplon dispersion is completely flat. The other mode has s p v = 1 and is expected to be dispersive. For small J v -and J h -couplings, the s p v = 1 excitation should host the gap, whereas for larger couplings J v and J h it is the excitation with s p v = 0. Such a behavior is known from orthogonaldimer chains 25 . For J h = 0, it is clear that the exact dimer singlet phase in an AFM background, |s v = 0; AFM, sq , has a gapless magnon continuum. The singlets on J v -dimers yield dispersionless triplon excitations with s p v = 1. However, for s p v = 1 the couplings between dimers and the square lattice do not vanish. For a better and quantitative understanding further studies are required.
We note that the construction of models hosting exact product states can be generalized: Instead of 4-spin plaquettes, other units realizing a total singlet ground state can be taken. For every pair of interacting spins from two different units on the lattice, at least one of the spins must couple to all spins of this neighboring unit homogeneously. The lattice must be decomposable into a sum over enlarged units (3-spin triangles for 2-spin dimers, 5-spin pyramids for orthogonal 4-spin plaquettes). Then, if the connection of these enlarged units to the full lattice overall increases the frustration, the product state of singlets on the units yields the ground state of the full model in at least the parameter range, where the singlets determine the ground state of the enlarged unit. For instance, the orthogonal structure of the SSM leads to exact valence bond crystals for all plaquettes with local singlets, not only dimers and 4-spin plaquettes, but also hexagons, octagons, or larger shapes. These have an even richer local structure, but seem less likely to be realized in materials. In contrast, the quasi two-dimensional orthogonal plaquette model, especially in the symmetric case with J h = J v , seems simple enough that an experimental realization could be possible, either in a material or an artificial system. This would yield a good framework for the combined understanding of plaquette phases in theory and experiments.
